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The properties of ∆ isobars in a uniform magnetic field are investigated. In the weak magnetic
field region, the general relations between magnetic moment of nucleons and ∆ isobars are given.
In the strong magnetic field region, the mass and size of ∆ isobars depend on the increasing of
magnetic field strength in different ways: the effective mass of ∆++, ∆+ and ∆0 first decreases and
then increases, consequently, the size of ∆++, ∆+ and ∆0 first increases and then decreases; whereas,
the effective mass of ∆− always increases, and consequently, the size of ∆− always decreases. The
estimation shows in the core part of the magnetar, the equation of state for ∆ isobars depends on
the magnetic field, which affects the mass limit of the magnetar.
PACS numbers: 12.39.Dc, 12.39.Fe, 11.30.Rd, 13.40.Em
Introduction. — The strong magnetic field exists
widely in heavy ion collider and magnetars [1–3]. The
Skyrme model study of proton and neutron in a uniform
magnetic field shows that, the mass and shape of proton
and neutron depend on the strength of magnetic field [4],
thus the equation of state for magnetar is modified.
The ∆ isobars play very important role in nuclear
physics [5]. For example, ∆ baryon media exists in the
heavy ion collider [6] and neutron stars [7, 8]. Science ∆
isobars have internal structures, in the strong magnetic
field, the properties of ∆ baryon could be changed by
the magnetic field dramatically. The magnetic response
of ∆ baryons could cause observable consequences in the
heavy ion collision and magnetar.
Another mystery of the ∆ isobars is the wide range
of the magnetic moment given by experimental re-
sults [9, 10]. Great efforts had been made to predict
the magnetic moment of ∆ isobar states, but still leave
us lot of challenges [11–14].
In this letter, ∆ isobars in a uniform magnetic field
are studied in the semi-classical quantization approach
of Skyrme model [15, 16]. Because the wave functions
for ∆ isobars are different, the magnetic response of ∆
isobars are different. In the weak magnetic field region,
the general relations between magnetic moment of nucle-
ons and ∆ isobars are given. By using the experimental
results of µp and µn, the magnetic moments of ∆ isobars
are given, which are consistent with the experimental re-
sults. In the strong magnetic field region, it is found that
with the increasing of the magnetic field strength, the ef-
fective mass of ∆++, ∆+ and ∆0 first decreases and then
increases, consequently, the size of ∆++, ∆+ and ∆0 first
increases and then decreases. On the other hand, the ef-
fective mass of ∆− always increases, and consequently,
the size of ∆− always decreases. Finally, since both the
mass and size of ∆ isobars depend on the strength of the
magnetic field, the equation of state for ∆ isobars are
influenced by the magnetic field, which could affect the
properties of magnetar.
The model. — The minimal action of the model for
the present propose contains two parts:
Γ =
∫
d4xL + ΓWZW , (1)
whereL represents the pion dynamics which is expressed
as
L =
f2pi
16
Tr(DµU
†DµU) +
1
32g2
Tr([U†DµU,U†DνU ]2)
+
m2pif
2
pi
16
Tr(U + U† − 2) . (2)
Here g is a dimensionless coupling constant, and fpi and
mpi are the decay constant and the mass of pion, re-
spectively. The covariant derivative for U is defined
as DµU = ∂µU − iLµU + iURµ, where Lµ = Rµ =
eQBVBµ + eQEHµ for the present purpose. Here e
is the unit electric charge, QB =
1
31 is the baryon
number charge matrix, QE =
1
61 +
1
2τ3 is the electric
charge matrix, 1 is the rank 2 unit matrix, and τ3 is
the third Pauli matrix. The external gauge field VBµ
is corresponding to the U(1)V baryon number, In the
symmetric gauge, the magnetic field Hµ is expressed as
Hµ = − 12Byη 1µ + 12Bxη 2µ , where η is the geometry with
diag(+1,−1,−1,−1).
The last part in action (1), i.e. ΓWZW ≡
∫
d4xLWZW
represents the chiral anomaly effects, which is given in
Refs. [17, 18].
Following Refs. [19, 20], in the elliptic coordinate sys-
tem, x, y, and z in are expressed as
x = cρr sin(θ) cos(ϕ) ,
y = cρr sin(θ) sin(ϕ) ,
z = czr cos(θ) , (3)
where cρ and cz are positive dimensionless parameters,
r ≡
√
x2
c2ρ
+ y
2
c2ρ
+ z
2
c2z
, and θ and ϕ are polar angles with
θ ∈ [0, pi] and ϕ ∈ [0, 2pi]. In the Cartesian coordinate
system, U is expressed as
U = cos(F (r))1 +
i sin(F (r))
r
(τ1
cρ
x+
τ2
cρ
y +
τ3
cz
z
)
.(4)
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2In the semi-classical quantization approach [16, 21, 22],
the spin and iso-spin are obtained by rotating the ansatz
equations (3) and (4) in both spatial space and iso-spin
space, i.e. Uˆ = A(U(R))A†, where A and R are the
rotation matrix of isospin space and spatial space in x−y
plane, respectively. Here A and R satisfy that A−1A˙ =
i
2ωaτa and (R
−1R˙)ij = −ij3Ω3, where a = 1, 2, 3 and
i, j = 1, 2.
By replacing U to Uˆ in action (1), a new action is
obtained as Γˆ =
∫
d4x(Lˆ + LˆWZW) =
∫
d4xLˆtotal.
By taking a functional derivative of the action with
ωa and Ω3, the canonical conjugate momenta of the
isospin and spin are obtained as Ia =
∂Lˆtotal
∂ωa
∣∣∣
VBµ→0
and
J3 =
∂Lˆtotal
∂Ω3
∣∣∣
VBµ→0
, respectively.
The general relations between nucleons and ∆ isobars
magnetic moment in the week magnetic region. — For
the present analysis, the NC counting are fpi ∼ O(N1/2C ),
g ∼ O(N−1/2C ), mpi ∼ O(N0C), eB ∼ O(N0C), ωa ∼
O(N−1C ) and Ω3 ∼ O(N−1C ). Thus, up to O(N−1C ), the
Hamiltonian is obtained as
H =
∑
a=1,2,3
(ωaIa) + Ω3J3 − Lˆtotal
∣∣∣
VBµ→0
. (5)
The baryon mass and the baryon magnetic moment
are obtained by MΨ = 〈Ψ|
∫
dVH|Ψ〉 and µΨ = − ∂MΨ∂(eB) ,
respectively. Here |Ψ〉 expresses the wave functions for
proton, neutron, ∆++, ∆+, ∆0 and ∆− which are given
in Refs. [16, 23].
TABLE I. The general relations between nucleon and ∆ iso-
bars magnetic moment (|eB| → 0)
J3 = 3/2 J3 = 1/2
µ∆++
3
5
(4µp + µn) + 3µI
1
5
(4µp + µn) + 3µI
µ∆+
3
5
(3µp + 2µn) + µI
1
5
(3µp + 2µn) + µI
µ∆0
3
5
(2µp + 3µn)− µI 15 (2µp + 3µn)− µI
µ∆−
3
5
(µp + 4µn)− 3µI 15 (µp + 4µn)− 3µI
In an extreme week magnetic field, magnetic moments
of ∆ isobars are written in nucleons as shown in Table I.
Table I shows that, the magnetic moment of a ∆ iso-
bar state is constructed by two parts, one part is re-
lated to the strength of spin and another part is related
to the strength of iso-spin. The magnetic moment re-
lates to spin part is a combination of proton and neutron
magnetic moment µp and µn. The magnetic moment re-
lates to iso-spin part µI can be determined numerically
as about µI = −0.045 [µN ], which is much smaller than
the magnitude of µp and µn.
By taking experimental value of proton and neutron
magnetic moment as input, the theoretical value and ex-
perimental value of ∆ isobars magnetic moments (|eB| →
0) are shown in Table II. Table II shows that the the-
TABLE II. The ∆ magnetic moment (|eB| → 0) by taking
experimental value of proton and neutron magnetic moment
µp = 2.793 [µN ] and µn = −1.913 [µN ] as input [10]
J3 = 3/2 J3 = 1/2 Exp. [9]
µ∆++ 5.42 1.72 5.6± 1.9
µ∆+ 2.69 0.87 2.7
+1.0
−1.3 ± 1.5± 3
µ∆0 −0.05 0.01
µ∆− −2.78 −0.84
oretical predictions of µ∆++,J3=3/2 and µ∆+,J3=3/2 are
consistent with the experimental results [9].
By cancelling the effects of iso-spin shown in
Table I, one gets the relation as µ∆++,J3=3/2 +
µ∆−,J3=3/2 : µ∆++,J3=1/2 + µ∆−,J3=1/2 = µ∆+,J3=3/2 +
µ∆0,J3=3/2 : µ∆+,J3=1/2 + µ∆0,J3=1/2 = 3 : 1 and
3µ∆+,J3=3/2−µ∆++,J3=3/2 = 3µ∆0,J3=3/2−µ∆−,J3=3/2 =
µ∆++,J3=3/2 + µ∆−,J3=3/2 = µ∆+,J3=3/2 + µ∆0,J3=3/2 =
(µ∆++,J3=3/2 + 3µ∆0,J3=3/2)/2 = (3µ∆+,J3=3/2 +
µ∆−,J3=3/2)/2 = 3(µp + µn). At present, there are only
limited and rough results available for the magnetic mo-
ment of ∆ isobars, by taking the central value of exper-
imental results shown in Table II, i.e. µ∆++,J3=3/2 =
5.6 [µN ] and µ∆+,J3=3/2 = 2.7 [µN ], one can check the
experimental results satisfy the relation 3µ∆+,J3=3/2 −
µ∆++,J3=3/2 : µp + µn = 3 : 1.056 ' 3 : 1, which is
consistent with Table I.
Numerical results. — The equation of motion for ∆
isobars are obtained from 〈Ψ|Γˆ|Ψ〉 at O(NC) order, re-
spectively. A standard set of parameters in NB = 1 sec-
tor is considered as mpi = 138 [MeV], fpi = 108 [MeV],
and g = 4.84 [16, 24].
With no loss of generality, cρ is determined as cρ =
1/
√
cz [20]. For a ∆ isobar state of a given |eB|, the
parameter cz is fixed to minimize the corresponding ∆
mass. The |eB| dependence of cz for ∆ isobar states are
shown in Fig. 1. In Fig. 1, one finds that a stronger
magnetic field corresponding to a bigger cz, the reason is
that a stronger magnetic field generates more restriction
force of charged meson pi+,− in the x − y plane, which
makes the shape of ∆ isobars more stretched along z-axis.
The |eB| dependence of the mass of ∆ isobar states are
shown in Fig. 2. In Fig. 2, the curve shows that with in-
creasing the strength of magnetic field, the mass of ∆++,
∆+ and ∆0 first decreases then increases, whereas ∆− al-
ways increases. The reason is that the Hamiltonian of ∆
isobar states contains linear term of (eB) and higher or-
der terms of (eB). The sign of the linear term of (eB) for
∆++, ∆+ and ∆0 states is different from ∆− state, which
makes their mass decrease and increase when the mag-
netic field is weak, respectively. The higher order terms of
(eB) always increase the mass of ∆ isobars, which makes
their mass increase when the magnetic field is strong.
The |eB| dependence of µ∆++ , µ∆+ , µ∆0 and µ∆−
are shown in Fig. 3. Fig. 3 shows that with increas-
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FIG. 1. |eB| dependence of cz for ∆++, ∆+, ∆0 and ∆−.
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FIG. 2. |eB| dependence of M∆++ , M∆+ , M∆0 and M∆− .
ing the strength of magnetic field, the magnitude of
µ∆++ , µ∆+ and µ∆0 first decreases and then increases,
whereas the magnitude of µ∆− first increases and then
decreases. Notice that for an extreme weak magnetic
field |eB| ∼ 0, the magnetic moment of proton and
neutron in the Skyrme model are µp = 1.94 [µN ] and
µn = −1.21 [µN ] [4, 24]. By using the general relations
between nucleons and ∆ isobars magnetic moment when
|eB| → 0, which is shown in Table I, one can easily
get that for J3 = 3/2 states µ∆++ = 3.80 [µN ], µ∆+ =
2.00 [µN ], µ∆0 = 0.20 [µN ], µ∆− = −1.61 [µN ], and for
J3 = 1/2 states µ∆++ = 1.18 [µN ], µ∆+ = 0.64 [µN ],
µ∆0 = 0.10 [µN ], µ∆− = −0.45 [µN ]. These analyses are
consistent with Refs. [12, 13].
The electric charge density for ∆ isobar states
are defined as ρE =
1
2ρI=0 + 〈Ψ|I3|Ψ〉ρI=1, where
ρI=0 ≡
(
j0B |eB→0
)
= ∂LˆWZW∂(eVB0) |VB0→0,eB→0, ρI=1 ≡
µ
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FIG. 3. |eB| dependence of µ∆++ , µ∆+ , µ∆0 and µ∆− .
(
1
3
∑
a=1,2,3
Λa
〈Ψ| ∫ dV Λa|Ψ〉
)
and Λa ≡ ∂2Lˆ∂ω2a . The ∆ iso-
bar mean square (MS) electric charge radius is defined as
〈R2∆〉E ≡ 〈Ψ|
∫
dV R2ρE |Ψ〉, where R ≡
√
x2 + y2 + z2.
The |eB| dependence of ∆ isobars MS electric charge
radii are shown in Fig. 4. Fig. 4 shows that for all
range of the magnetic field strength, 〈R2∆〉E of ∆++ and
∆+ are always above zero, whereas ∆0 and ∆− are al-
ways below zero. Since the electric charge of ∆ iso-
bars are different, the MS electric charge radii should
be different. If ∆ isobars do not have internal struc-
tures, the MS electric charge radii of ∆ isobars should
satisfy ∆++ : ∆+ : ∆0 : ∆− = 2 : 1 : 0 : −1. How-
ever, the electric charge of ∆ baryon is constructed by
two parts, one part is related to the baryon number cur-
rent density ρI=0 and another part is related to the iso-
vector current density ρI=1. For all range of the mag-
netic field strength, the distribution of ρI=1 is more apart
from the central point of the soliton than that of ρI=0,
which leads MS electric charge radii of ∆++ and ∆+
are always above zero, whereas ∆0 and ∆− are always
below zero. For examples, when the magnetic field is
extremely weak, i.e. |eB| ∼ 0, 〈∆| ∫ dV R2ρI=0|∆〉 =
0.826 [fm2] and 〈∆| ∫ dV R2ρI=1|∆〉 = 1.8 [fm2], thus the
MS electric charge radii of ∆++, ∆+, ∆0 and ∆− are
3.113 [fm2], 1.313 [fm2], −0.487 [fm2] and −2.287 [fm2],
respectively; when the magnetic field is extremely strong,
〈∆| ∫ dV R2ρI=0|∆〉 <∼ 〈∆| ∫ dV R2ρI=1|∆〉, therefore the
MS electric charge radii of ∆ isobars satisfies ∆++ : ∆+ :
∆0 : ∆− ' 2 : 1 : 0 : −1. Fig. 4 also shows that for a
nonzero magnetic field region, the magnitude of the MS
electric charge radii of ∆++, ∆+ and ∆0 states first in-
creases and then decreases. This fact is understandable
from that: when the magnetic field is weak, there mass
decrease, therefore their size will increase; when the mag-
netic field is strong, the restriction force of charged meson
pi+,− in the x− y plane increase, therefore their size will
4decrease. The magnitude of ∆− MS electric charge radii
always decrease with the increasing of |eB|, the reason is
that: for a nonzero magnetic field, the ∆− mass always
increases, therefore the size will decrease.
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FIG. 4. |eB| dependence of the ∆ isobar MS electric charge
radius 〈R2∆〉E .
Conclusions and discussions. — In this letter, the
mass, magnetic moment and MS electric charge radius
of ∆ isobar states in a uniform magnetic field were stud-
ied in the semi-classical quantization approach of Skyrme
model.
In the vacuum, i.e. |eB| ∼ 0, it was shown that, the
magnetic moment of ∆ isobars can be rewritten by the
magnetic moment of proton and neutron.
In a nonzero magnetic field region, with increasing the
strength of magnetic field, it was found that:
(i) The mass of ∆++, ∆+ and ∆0 states first decreases
and then increases, whereas the mass of ∆− state
always increases. The minimal mass of ∆++, J3 =
3/2 is about 1147 [MeV] when |eB| ∼ 3.2m2pi.
(ii) The magnitude of ∆++, ∆+ and ∆0 magnetic mo-
ments first decrease and then increase, whereas the
magnitude of ∆− magnetic moment first increases
and then decreases.
(iii) The magnitude of MS electric charge radii corre-
sponding to ∆++, ∆+ and ∆0 states first increase
and then decrease, whereas the magnitude of MS
electric charge radii corresponding to ∆− state al-
ways decrease.
Science both the mass and size of ∆ baryons depend on
the strength of magnetic field, the density of ∆ baryons in
the core part of the magnetar (|eB| ∼ 10−2 [GeV2]) can
be estimated easily, which is given in Table III. Table III
shows that, the ∆++, J3 = 3/2 density decreases about
8.5% and the ∆−, J3 = 3/2 density increases about 19.7%
TABLE III. The density of ∆ isobars when |eB| ∼
10−2 [GeV2] compared to that in vacuum
J3 = 3/2 J3 = 1/2
ρ∆++ −8.5% −0.1%
ρ∆+ −0.9% +2.4%
ρ∆0 −7.4% −5.6%
ρ∆− +19.7% +9.8%
compared to that in vacuum, respectively. Therefore, the
equation of state of ∆ baryon media is modified by the
magnetic field, which also affects the mass and size limit
of magnetar.
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